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Abstract— This paper presents a framework for generalizing
demonstrated object manipulation skills to new situations.
Generalization in trajectory learning is often limited due to
the dependency of recorded trajectory coordinates on arbi-
trarily chosen coordinate references and the timing along
the trajectory. To remove these dependencies, we transform
the demonstrated trajectory to a coordinate-free shape de-
scriptor. New trajectories are generated using constraint-based
programming, where deviation from the shape descriptor of
the demonstration is minimized in the new situation. Results
indicate excellent generalization capabilities when using a
shape descriptor compared to using the original trajectory
coordinates. Therefore, coordinate-free shape descriptors may
help to improve generalization in trajectory learning and hence
reduce the number of required demonstrations.

I. INTRODUCTION

Future industrial robots are expected to closely interact and
collaborate with humans. To deal with the large variability
in task execution due to changes in the environment and
changes in task requirements, workers should be ably to pro-
gram and reprogram these robots in a fast and intuitive way.
One popular approach of intuitive programming is to learn
new skills through the observation of human demonstrations
of the skill. This approach is referred to as Learning by
Demonstration (LbD). The advantage of LbD with respect
to traditional programming methods is that no advanced
programming skills are required and that complex human-
like motions may be taught relatively easily. The focus of this
paper is on learning object manipulation skills that involve
the motion of rigid bodies such as pouring a jug, scooping
with a spatula, or stirring with a spoon. Therefore, not
only the translation of the object is considered but also the
rotation. More in particular, this paper considers the learning
of rigid-body trajectories.

In LbD, typically a mathematical model of the motion
trajectory is constructed from a set of recorded demonstra-
tions. This model allows the robot not only to reproduce
the original demonstrations but also to execute new motions
that are similar to it, see e.g. [1], [2], [3]. One of the main
problems in LbD is the generalization of demonstrations
to situations outside of the set of demonstrations. New
situations occur because of changes in task requirements
(e.g. generalizing a pouring motion to a new glass at a
different location), a different robot platform, or changes in
the environment (e.g. obstacles to avoid or humans to interact
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with). To deal with these cases, learning methods often need
extra data in the form of additional demonstrations, which
limits the speed with which new skills may be learned.

For trajectory learning in particular, many motions models
are constructed from measured trajectory coordinates that
depend on arbitrary choices for the coordinate references.
Examples include the choice of reference frame in which the
motion coordinates are expressed, the choice of object frame
that is used to track the manipulated object, the location
and direction in space where the motion is taking place, or
the chosen timing (velocity profile and duration) along the
trajectory. Variation in these choices all have an influence
on the measured motion trajectory coordinates, making the
motion model dependent on these choices and hence limiting
its ability to generalize.

The objective of this paper is to present a framework
for generalizing demonstrated motion trajectories to new
situations, while not being dependent on these arbitrary
reference choices for the coordinates. To do this, we first
transform the demonstrated trajectory to a coordinate-free
shape descriptor, prior to building the motion model. This
transformed motion model allows us to recognize and gen-
erate new motions effortlessly in different reference frames.
New motions can be generated as the solution of a constraint-
based programming approach where new task requirements
are imposed as constraints and shape-similarity is preserved
by minimizing deviation from the shape descriptor of the
demonstration.

This paper relies on previous work for generalizing tra-
jectories to new situations, using the extended Frenet-Serret
invariants as the underlying shape descriptor [4]. The main
contribution of this paper is a comparison of generalization
properties for our constraint-based generalization method
when using a shape descriptor opposed to not using one. The
outline of the remainder of the paper is as follows. Section
II introduces the shape descriptor methodology and explains
how new trajectories are generated from the shape descriptor
of the demonstration. Section III illustrates the differences in
the generalization approach between using a shape descriptor
and not using one. Finally, Section IV provides a discussion
and some conclusions.

II. COORDINATE-FREE SHAPE DESCRIPTOR METHOD

A. Overview generalization approach

Figure 1 visualizes the developed generalization ap-
proach. The demonstrated trajectory is first transformed to
a coordinate-free description. During this process, motion
information is extracted related to reference choices, timing,
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Fig. 1. Overview of the trajectory generalization approach. Demonstrated motion trajectories are first transformed to a coordinate-free trajectory shape
descriptor. Timing information and geometric scale are also extracted. A motion model is built from the shape descriptor, possibly including geometric
scale and timing. New trajectories are generated by constraint-based programming where deviation from the model shape descriptor is minimized, while
additional task requirements are incorporated that may be expressed in different reference frames.

and geometric scale. What remains is a dimensionless shape
descriptor. A motion model is built from the dimensionless
descriptor, possibly including timing information and scale if
they are considered relevant to the application. During gener-
alization, task requirements of the new situation, that may be
expressed in different coordinate frames, are combined with
the shape descriptor of the demonstration. These new task
requirements may include a new initial or target location of
the trajectory, timing constraints, or other constraints.

For choosing the dimensionless shape descriptor, multiple
options exist that have different invariant properties. We
prefer to use differential-geometric shape descriptors since
they are generative and complete, meaning the original
trajectory can be reconstructed from the shape descriptor.
Below we focus on one of those descriptors, the extended
Frenet-Serret invariants (eFSI), first introduced in [5], [6].

B. eFSI shape descriptor: generative equations
The translation and rotation of the rigid body are described

separately for the extended Frenet-Serret invariants.
1) Translation: For the translation, the trajectory obj

w p(s)
of a specific reference point on the rigid body is considered
with respect to the world reference frame {w}. The coordi-
nates are expressed as a function of the normalized arc length
s. At the start of the motion, s = 0, while at the end of the
motion, s = 1. The translational Frenet-Serret invariants for
this point trajectory are defined in a moving frame, referred
to as the translational Frenet-Serret frame {tra}. The first
axis of this frame is the tangent to the point trajectory, the
second axis lies in the direction along which the tangent is
instantaneously rotating, and the third axis follows from the
definition of the first two axes. The orientation of the frame
is represented using the definition of the 3×3 rotation matrix
tra
w R(s). The rate of change in the orientation of the Frenet-
Serret frame tra

w R′(s), is then given as a function of two
invariant functions It2(s) and It3(s):

tra
w R′ = tra

w R

 0 0 It2
0 0 −It3
−It2 It3 0

 . (1)

These equations are known as the Frenet-Serret differen-
tial equations, where It2 has the physical meaning of the
curvature along the 3D curve and It3 the torsion. The rate
of change in point trajectory coordinates obj

w p′(s) along the
tangent is defined using another invariant It1(s):

obj
w p′ = tra

w R

It10
0

 , (2)

where It1(s) takes a constant value, since there is a constant
progression along s. These two generative equations deter-
mine the change in translation as a function of three invari-
ants It1(s), It2(s), It3(s) and form the basis for calculating
invariants and generalizing trajectories (see below).

2) Rotation: The rotation of the rigid body is handled
analogously. The orientation trajectory of the rigid body is
given by the 3 × 3 rotation matrix obj

w R(θ). This matrix
is expressed as a function of the normalized rotated angle
θ. At the start of the rotation, θ = 0, while at the end
of the rotation, θ = 1. The invariants for rotation are
analogously defined using another moving frame, referred
to as the rotational Frenet-Serret frame {rot}. The tangent
to this trajectory lies in the direction of the rotational velocity
vector ω. The orientation of {rot} is given by rot

w R(θ). The
rate of change in the orientation, rot

w R′(θ), is given as a
function of two invariants Ir2(θ) and Ir3(θ):

rot
w R′ = rot

w R

 0 0 Ir2
0 0 −Ir3
−Ir2 Ir3 0

 . (3)

The rate of change in the rotation matrix denoting the
orientation of the rigid body, objw R′(θ), is found using another
invariant Ir1(θ) as follows:

obj
w R′ = rot

w R

0 0 0
0 0 −Ir1
0 Ir1 0

 obj
rotR, (4)

where Ir1(θ) is again a constant value, meaning constant
progression in the rotation of the body.



The six invariant functions Ik remain unchanged for
changes in reference frame {w}, changes in initial position
and orientation, and changes in velocity profile and duration.

C. Robust numerical calculation of shape descriptors

Analytical formulas exist for calculating the eFSI shape
descriptor from the trajectory coordinates and their higher-
order time-derivatives. Problematic are the existence of sin-
gularities along the trajectory where part of the invariants
become undefined, for example in stationary and in inflection
points. In these singular points, the invariants are extremely
noise sensitive, resulting in undesired peaks in the invariant
signature and trajectory reconstruction errors.

To deal with these problems, we use the optimization-
based method of [8] to numerically calculate invariants in a
robust way. This method looks for invariants that produce a
trajectory that matches with the original measured trajectory
coordinates. Regularization terms are added on the invariants
to achieve a noise smoothing effect and to keep arbitrary
invariants during singularities close to zero.

D. Constraint-based trajectory generalization

New trajectories are generated using constrained optimiza-
tion, where the structure of the optimization problem is
that of an Optimal Control Problem (OCP). The invariants
It1, It2, It3, Ir1, Ir2, Ir3 are considered as the control inputs
u, while the controlled states x correspond to the object tra-
jectory {objw p, objw R} and the moving frames {traw R, rotw R}.

To generate new trajectories, the following optimal control
problem is solved:

min
x(·),u(·)

1∫
0

∥∥∥∥∥∥
It1(s)− Idt1(s)It2(s)− Idt2(s)
It3(s)− Idt3(s)

∥∥∥∥∥∥
2

Wt

ds+

1∫
0

∥∥∥∥∥∥
Ir1(θ)− Idr1(θ)Ir2(θ)− Idr2(θ)
Ir3(θ)− Idr3(θ)

∥∥∥∥∥∥
2

Wr

dθ

(5)
s.t. state dynamics equations (1)-(4) (6)

r1(
obj
w p(j), traw R(j)) = 0 for j = {0, 1} (7)

r2(
obj
w R(j), rotw R(j)) = 0 for j = {0, 1} (8)

h1(
obj
w p(s), traw R(s)) ≥ 0 for s ∈ [0, 1]. (9)

h2(
obj
w R(θ), rotw R(θ)) ≥ 0 for θ ∈ [0, 1]. (10)

The optimization problem consists of:
• objective function (5): The objective function contains

the deviation from the invariants of the shape descriptor
of the recorded demonstration: Idt1, I

d
t2, I

d
t3, I

d
r1, I

d
r2, I

d
r3.

Minimizing this ensures similarity between the gener-
ated and demonstrated trajectory. Contributions of the
invariants are weighted using Wr and Wt.

• state dynamics equations (1)-(4): These equations pro-
vide the relation between the invariant control inputs
and the generated trajectory coordinates.

• boundary constraints (7)-(8): In the boundary con-
straints a new start/end position and orientation of the
object may be provided, as well as a new start/end
traveling direction through the moving frames.

• path constraints (9)-(10): The path constraints may hold
additional constraints such as obstacles to avoid or robot
workspace limit to take into account.

More information on how this optimization problem is
discretized and solved can be found in [4].

III. COMPARISON GENERALIZATION PROPERTIES

This section compares constraint-based trajectory general-
ization using the shape descriptor approach to jerk-accuracy
optimization [9]. The latter optimization method is quite
similar to ours. Instead of minimizing the deviation from the
demonstration in invariant space however, the deviation is
directly minimized in Cartesian (task) space. This deviation,
the mean square error on the trajectory coordinates, is
referred to as the accuracy cost. The objective function
is supplemented with a jerk cost term in order to obtain
smooth trajectories. The jerk-accuracy optimization method
was implemented and solved similarly to our shape descrip-
tor optimization method, but now the control inputs consist
of the jerk along the trajectory. The weight parameter λ in
[9] was chosen as 2.5.

The rigid-body motion under investigation was demon-
strated by a human and recorded using a Krypton K600
marker-based measurement system. The reference frame of
the measurements corresponds to the reference frame of the
camera, and the reference point for the translation of the
object is chosen as the average position of all the markers.
The eFSI shape descriptor of the demonstrated trajectory is
calculated using the numerical approach of [8]. For both
methods, the initial and target position and orientation are
constrained, while the velocity and acceleration vectors at
the start and end are considered unconstrained. The results
are shown in Figure 2.

For jerk-accuracy optimization, Figure 2a shows that new
trajectories (red) initially remain close to the demonstrated
one (blue) in order to keep the accuracy cost low. Later on,
there is a transition to approximately straight line motion,
since the accuracy error between the generated trajectory and
the demonstration becomes more and more important. When
the target is close to the demonstration, the result is fine,
but farther away from the demonstration the shape becomes
distorted. The shape descriptors of the generated trajectories
are shown in Figure 2b and provide a quantitative measure
for this shape distortion.

For shape descriptor optimization, Figure 2c shows that
the resulting shape is more similar to the original demonstra-
tion. Looking at the invariants of the shape descriptor in Fig-
ure 2d, we note that the translational invariants It1, It2, It3
need to change less than the rotational ones. This is because
the change in position could be achieved by a simple rotation
of the complete trajectory. Important to remark is that this
transformation does not have to be explicitly stated, it follows
automatically from the supplied constraints.

IV. DISCUSSION AND CONCLUSIONS

The shape descriptor approach for generalization has mul-
tiple advantages for learning in intuitive programming. A
first practical advantage is that no accurate calibration is
required prior to measuring the demonstrations, since the
resulting shape descriptor will be the same regardless of the
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(b) eFSI descriptors for jerk-accuracy optimization

(c) Shape descriptor optimization
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(d) eFSI descriptors for shape descriptor optimization

Fig. 2. Left: the demonstrated rigid-body trajectory (blue) is generalized to different end poses (red) using jerk-accuracy optimization and shape descriptor
optimization, starting from the same initial position and orientation. Right: the corresponding eFSI shape descriptors for each trajectory.

chosen reference frames. The second advantage is that fewer
demonstrations are required for learning the motion since
the shape descriptor motion model is capable of producing
similar motions everywhere in task space.

The advantage of formulating the generalization of mo-
tion trajectories to novel situations using constraint-based
programming is that extra constraints are easily added and
combined. A drawback is that a nonlinear optimization
problem must be solved, requiring multiple iterations. In
the experiments, calculation times can be up to 1 second,
depending on the chosen constraints. This is acceptable for
many applications, but not for real-time adaptations. Future
work will tackle this issue by implementing a receding
window approach (model-predictive control), so that the
optimization is done on a limited number of samples and
is adaptive to changes in the constraints.
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